Abstract. We present solutions to isomorphism problems for various generalized Weyl algebras, including deformations of type-A Kleinian singularities 14] and the algebras similar to U(sl 2 ) introduced in 31]. For the former, we generalize results of Dixmier 11, 12] on the rst Weyl algebra and the minimal primitive factors of U(sl 2 ) by nding sets of generators for the group of automorphisms.
Introduction
Let k be an algebraically closed eld of characteristic 0 and consider the Weyl algebra A 1 (k) = h@; x : @x ? x@ = 1i. Dixmier 11] showed that the k-automorphism group of A 1 (k) is generated by the automorphisms e ad x n and e ad @ n where n 1 and 2 k. Adapting his methods in 12], he found an analogous set of generators for the k-automorphism group of the in nite-dimensional primitive factor B := U(sl 2 )=(C ? ) of the universal enveloping algebra of the Lie algebra sl 2 , where C is the Casimir element and 2 k. He also showed that B ' B 0 if and only if = 0 .
Let a 2 k h] and let A(a) be the generalized Weyl algebra k h]( ; a), where is the k-automorphism of k h] such that (h) = h ? 1. Thus A(a) is the k-algebra generated by h; x and y subject to the relations xh = (h ? 1) x; yh = (h + 1)y; xy = a(h ? 1); yx = a(h):
Both A 1 (k) and B are of the form A(a) with deg(a) = 1 and 2 respectively. Rings of the form A(a), with a of arbitrary degree, were studied by the rst author 3] and, under the name deformations of type-A Kleinian singularities, by Hodges 14] . The problem of when Smith 31] gave a substantial analysis of a class of algebras, similar to U(sl 2 ), which can be interpreted as generalized Weyl algebras and which are closely related to the algebras A(a). For The isomorphism problem for these algebras was raised in 31, Remark (2) ].
We shall adapt the methods of Dixmier to nd a set of generators for the automorphism group of A(a) and to solve the isomorphism problems for A(a) and R(f). Loosely speaking, we shall see that A(a 1 ) ' A(a 2 ) if and only if a 2 can be obtained from a 1 by a combination of non-zero scalar multiplication, translation a(h) 7 ! a(h + ) and a \ ip" a(h) 7 ! a(?h) corresponding to an interchange of the roles of x and y. The situation for R(f) is analogous. In some cases, including those of A 1 (k) and B , the ip can be expressed in terms of translation and scalar multiplication and there is an automorphism , well-known for both A 1 (k) and B , interchanging the roles of x and y. We shall say that a(h) is re ective if there exists 2 k such that a( ? h Theorem 4.2 is deduced from Theorem 3.28 using the fact that each of the algebras R(f) has a distinguished central element C such that R(f)=CR(f) ' A(a) for some a. Notice that when a 1 is re ective the condition for isomorphism in Theorem 3.28 becomes a 2 (h) = a 1 (h+ ).
We shall also prove, in x5, an analogue of Theorem 4.2 for the algebras which are similar to the quantized enveloping algebra U q (sl 2 ) in the way that the algebras R(f) are similar to U(sl 2 ).
Another isomorphism problem concerns two deformations of sl 2 considered by Witten 33, (5.2) and (5.12)] and a third deformation due to Woronowicz 34] . In x6, we shall show that Witten's second deformation and Woronowicz's deformation are isomorphic. The background to this includes remarks in the literature of mathematical physics 33, 10] suggesting at least that these two algebras become isomorphic after localization or completion and a comment in 24] , where a rigorous algebraic relationship between Witten's two deformations is explained, doubting the existence of a connection with the Woronowicz algebra. (1) xy = (a); yx = a:
Generalized
(2) These algebras were also studied, without a name, by the second author 18], where D is assumed to be commutative, and, under the name hyperbolic ring, by Rosenberg 28] . Generalized Weyl algebras of higher degree were introduced in 4] and studied in 4, 7, 8, 9 also involves (ii) with = ?1.
Two points to note, in comparing Lemmas 2.7 and 2.8, are the extra condition on in Lemma 2.8, which will be signi cant in x5, and the appearance of (v) rather than (v) in 2.8(vi).
2.9. Notation. In the remainder of the paper, k will denote an algebraically closed eld and k will denote the multiplicative group of k. 3 . Deformations of type-A Kleinian singularities. In this section we concentrate on the case where D is the polynomial ring k h] and (h) = h ? 1. We assume throughout the section that char k = 0. Let a = a(h) 2 k h] and let A(a) = k h]( ; a). Thus A(a) is the k-algebra generated by h; x and y subject to the relations xh = (h ? 1)x; yh = (h + 1)y; xy = a(h ? 1); yx = a(h): Examples include the Weyl algebra A 1 (k) and, for 2 k, the algebra B := U(sl 2 )=(C ? ), where C is the Casimir element and a = ?h A lot is known about the algebras A(a) through studies by the rst author 3, 4, 5, 7, 9] and by Hodges 14] . We now aim to show that x and y are strictly nilpotent in A(a). Proof. As A(a) is generated by x; y and h, this is immediate from (6)-(9) and the fact that, for m 1, m is locally nilpotent.
3.5. Automorphisms. We denote by G the subgroup of Aut k A(a) generated by the k-automorphisms of the following three types: f n (h) = h n + n h n?1 ; where n := n(n + 2 ? d) 2d :
Note that ff n (h) : n 0g is a k-basis for k h]. It can be easily checked that, for all i; j 0, Let ; 2 R be such that + > 0 and let H ; be the additive submonoid of R generated by and . For p = (i; j) 2 P(d), let v ; (U p ) = i + j 2 H ; . For h 2 H ; , let A h be the k-subspace of A spanned by fU p : v ; (p) hg, and let A <h = j<h A j . We shall see that fA h g h2H ; is a ltration of A by the ordered monoid H ; , that is
This coincides with the de nition in 29, 1.2.13] except for the reversal of > in (ii). In the language of 27], where only ltrations by Z are considered, (i) and (iv) would be omitted from the de nition of ltration and would say that the ltration is exhaustive and separated. The associated H ; -graded ring, gr A := h2H ; A h =A <h , of A with respect to this ltration can be constructed as for ltrations by N . It will be convenient to normalize this bracket and write, for b; c 2 C (15) Proof. As (15) is an immediate consequence of (14), it su ces to establish (14) and this requires consideration of four cases, two of which split into subcases. (12) 
, where ; 2 k , and let n > 0 and m 0 be integers. There does not exist b 2 C (2) such that fc n ; bg 2 = c m for some non-zero 2 k.
Proof. Again we use the H 1;1 -grading on C (2) . Suppose that fc n ; bg 2 = c m for some non-zero 2 k. As (ii) There does not exist b 2 C (4) such that fc n ; bg 4 = c m for some non-zero 2 k.
Proof. Note that C (4) C (2) and fc n ; bg 2 = 2fc n ; bg 4 . (i) Let b 2 C (4) be such that fc n ; bg 4 = 0. Then fc n ; bg 2 (ii) < , is a multiple of , and q = S (S = + T) for some ; 2 k and some integers 0 and > 0.
(iii) d = 1, = and q = ( T + S) ( 0 T + 0 S) (19) for some ; ; ; 0 ; 0 2 k, with and at least three of ; ; 0 ; 0 non-zero, and some integers ; 0, with + > 0. (iv) d = 2, = and q has the form in (19) with + even.
Proof. As was observed in x3.3, the centre of A is k so F(w) 6 = C(w).
By the proofs of 11, Lemme 7.3 and Proposition 7.4], either (i) holds or (ii) holds or = and q is as in (19) . Note that the non-zero conditions on the parameters are consequences of the fact that q 6 = 0 and is not a monomial. An element of the form (19) is in C (2) For n 0, let x n = n (x), where = ad w. As in 12], one shows by induction on n that x n = n T n(i 2 ?1) S d+n(j 2 ?1) , for some 0 6 = n 2 k. This is true for n = 0 as x = S d . Supposing it to be true for some n 0 and applying Theorem 3.14(iii) to w and x n , one nds that x n+1 = 
respectively. We can choose so that (23) is 0. Then r( n; (w)) < r(w) and s( n; (w)) = s(w) so, by induction there exists 1 2 G such that 1 ( n; (w)) 2 k y] or 1 ( n; (w)) = x + h + y + for some ; ; ; 2 k: The result follows on setting = 1 n; 2 G. ( ; a). Thus W is the k-algebra generated by h; h ?1 ; x and y subject to the relations xh = qhx; yh = q ?1 hy; xy = a(qh); yx = a(h): Examples include the minimal primitive factors of the quantized enveloping algebra U q (sl 2 ), for which the details will be given in Example 5.3. These algebras may be viewed as quantizations of those considered in Section 3 but the isomorphism problem is in uenced by the existence of the unit h. The following lemma lists some routine consequences of the de nitions, Lemma 2.7(ii) and the fact that k h 6.3. Notation. For a given pair of parameters p and q with q 6 = 1, the algebras speci ed in x6.1 fall into two isomorphism classes and there is a simple procedure, outlined in the proof of the next theorem, to determine which isomorphism class a given algebra is in. Let be the kautomorphism of k t] such that (t) = qt. Let Thus B is the k-algebra generated by x ; y ; t and z subject to the relations x t = t x ; y t = t y ; x y ? p This is the situation with Witten's two deformations. His rst deformation is of the form A, with v quadratic with zero constant term, both before and after the change of variables which makes t normal, and his second is the corresponding algebra formed by homogenization, twisting and dehomogenization. The original parameters, labelled q and p in the general discussion above, are q ?1 and 1 and so become q and q 2 in C.
We conclude this section by showing that, under certain conditions on the parameters, the only situations where there are isomorphisms between algebras of the forms V p;q and W p;q are those covered by Remark 6.6 and Lemma 6.5. 
